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I. INTRODUCTION 

\j 
A recent problem for which a solution was requested was that of the 

bendinn stresses in a thick-walled tube under internal pressure, restrained 

by heavy integral flanges at its ends and closed by end plates,}*«« FigU?ir t|. 

The arrangement of bolts and the end-plate configuration were such that the 

flanges could rotate without restraint from th# end plates. Although the 

radius-thickness ratio of the tube was so sm#ll that shell theory was almost 

certainly invalid, it was felt that, in the absence of a more acceptable theory, 

the inclusion of shear deformation terms in the cylindrical «hell tind flange 

equations would yield some useful results. The derivation of the equations 

used in the xnvesugation is reported as well as an illustrative 

.V,T.u> î» iu ntwrwatino tn nntf» that ffnr this examolel shear deformations 
.. .o.. 4 * - 

were relatively unimportant; the calculated moment increased about> • Ù 

ry- above that calculated from the equations neglecting shear deforma- 

tionsjdue to weakening of the flange relative to the cylinder. 
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ÎI. SYMBOLS 

a half^wldth oí ílan|3ie 

D bending atiltne«* oí cylinder walls 
Et 3 

T 
12 (1 - y ) J 

bending «tiífr.eae oí flange considered as a flat plate [d « . 

K 

shear Stlíínea* oí cylinder valla |dq* ^ ~2 til v]J 

shear «tlííneas oí flange considered as a flat plate kD * I rWrVl 

(reference ¿) 

L1^ 

d outer radius of flange 

E Voung’a modulua oí cylinder and flange material 

h radial distance from middle surface o£ cylinder wall to circle of bolt* 
hole center» 

R stiffness defining mean radial displacement through the thicknefi of 
flange, due to shear force transferred from cylinder 

1C. stiffness defining rotation of inner surface of flange at radius 
& corresponding to cylinder middle surface, due to bending moment 

transferred from cylinder 

K" ' stiffness defining radial displacement of flange Inner surface at 
^ radius corresponding to cylinder middle aurface, due to bending 

moment transferred from cylinder 

If. stiffness defining rotation of flange inner surface at radius 
^ corresponding to cylinder middle surface, due to shear force 

transferred from cylinder 

1C.' stiffness defining radial displacement of flange inner surface at 
radius corresponding to cylinder middle surface, due to shear 
force tratieferred irom cylinder 

M axial moment per unit middle surface perimeter of cylinder 
X 

ML circumferential moment per unit length *sf cylinder 
V Í 

N axial tensile force per unit middle surface perimeter of cylinder 

%2r 

Nç circumferential force per unit length of cylinder [n 

p applied internal pressure 

Q shear force per unit middle surface perimeter of cylinder 

R mean radius of cylinder wall 
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P<W ^ 

w c 

X 

6c 

6Ä 

»1 

<Ä 

‘♦a 

♦e 

a^u 

cyi'.Tim r wall thicî<nG8S 

inward radial ckfleution due to bendm,« oí rylindcr muidSf surface 

imvard average radial deflection of flange at section corresponding 
to cylinder middle surface, du«* to shear force transferred from 

^-¾ 
cylinder ^ 

axial distance along cylinder 

outward radial expansion o? middle surface of cylinder, due to internal 
pressure p 
outward radial expansion of flange at radius corresponding to middle 
surface ox cylinder, due to pressure p 

N/Dq 

rotation of flange inner surface at radius corresponding to middle 
surface of cylinder, due to buli moment per unit perimeter, Nh 

additional outward radial deflection of flange inner surface, due to 
bending bybolt moment, at radius corresponding to middle surface 
of cylinder 

( _ dwc Qx ^ 
rotation of cylinder wall due to bending? 4>c » “ *D^ J 

rotation of flange inner surface at radius corresponding to middle 
surface of cylinder, due to moment and shear force transferred 

from cylinder 
Q a 

X 

) 

additional outward radial deflection of flange inner surface at radius 
corresponding to cylinder muMle surface, due to bending and shear 
lag by moment and shear force tranaferted from cylinder 

M Cl a "i 
I ' r -ï- - JL-] 
R K, K-l 

DEt 

*RD? 
4> 
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il!. THEORY 

The equation« ios the axjtptjqjwlsie bending of a cylinder, vith «hear 

de form at ions included, axa given by dreiereace *} 

dW 
I5 » --y  ÍM 0 

A ax 

dQ Hft d2w 
♦ » y ♦ —-—J« 

dx 

Mx * - D 

* 

i “dA 

Etw. 
n9. 

(la) 

(lb) 

(ic) 

(Id) 

When we eevbme Eq. (1). wt obtain the following equation« for wc alone 

and for and in term* of 

,2 
a d we DQ 

d +1)) —T ' +»1> 
dx dx 

• (Í) * w = 0 e 

f n ■*'» 

~°o L,l + ’’1 ^ "17" 

[" 1¾ 

ÍSW 
I c 
♦ -£T 

d2w 
- -- - 4‘W ^ 17 v 

(2a) 

(2b) 

(2c) 

Equation (2a) may be «olved to yield 

wc * A. eitp( \[^§- Xjxj + A2 exp ( - X, 

r -¾ ^ ( fa ^ 
+ A3 exp Uj-y X2 Xj + A4 exp ^-jj- X2 xj (3a) 
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'zh* ra 

4.23 V-îTrrÿ- (3bî 

ííORi v,hich wo obtain . 

- dq[xi l! f ^ xi ~ •í’] e*p (Jj~r Xi^~ A¿*** J 

♦ V2 [a +n) - ♦] [v,B V2*)~ A4exp (- 'Í5 X2xl} (4’ 

i [(1 fn) K 2 - •(] [Al exp KjxJ* Ajoxp 

♦ [u *n) 42 - +] ^cxp(v'5 Vy + Vx* (-v)]} 

* *■ dq 

(ib) 

We Shall now »•■am; that ths cylinder 1« so long thAtwhat happen» et on» 

end will not aifect the other. We the » put 

A| * Aj » 0 

The remaining constants A. and A(| are determined by the eonditione obtained 

W«» f* ylinder snd flange deflection» and rotation» at * point correspond¬ 

ing to the cylinder middle surface (tee Pig ire 2) 
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Subsututïon oí JKqe. (3), (4J, &nd fS) into Eq, ífeb) then yield* 

I + 
í Id ^ / « 2 *®n P 2 

♦ 11 
\ X,') 1 *2^ L 

A, 

S“ 

*6c-8r-V 

1-¾-J? 
(70 

41.(1 + ^) X1 

.1 
A«^*R' ‘7M 

wMch m&y be solved to give A2 «nd •• 

^ V^|| t*e~8Jl7*R AZ " 

1 + 

A. * 4 (v2-y;rs ' 

- 

(14¾ vJflh^Awv-. 
** # ^ _ • 

íoi3 f, ¿n2 *dJ1 r 
‘'-dr"”"': 
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We may now find the end moment from Eq (4b) me 

The end ehear is given similarly by 

(9b) 

it should be noted that the form of X( + depends on whether or not 

(4, — ^ 0; 

¡1 it is r.oi X.J anJ are conjugate complex numbers. U 
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4 > ü 

s. * V * 

^tsí ?f *,<{) —- 4 4' ^ © 

V 4- À,, t ¿ 

Wh pr. 
Q 

b6<*om«B infinit* Vf* h^v« 

(ÎO.-Ï 

(ÏOb) 

(lie) 

iîi-) 

fi i. > 
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ir w-i: be noted that to determine toe Junction bending moment and shear, 

ut !.. . .linea of the initial defiections and rotations óp. am- 

^««■ÄSCS Klt T^. K3. K¿\ K3*. Ihe deflectiOi*» *nd 6R are readily 

Oblamv-d by elasticity theory (reference 3) a* 

6c ° nr p* (1 ~¿0 [u-ei ?•* 

ÒR8 
jpA 1 -V* 

(12a 

(12b; 

The rotations eR and are derived in Appendix A to be apjwoxrmately 

sZ 
s nr2 i A ♦ ¿i t 

M)rr,LrrTr r 

, -pr (r) jjilsl 

Tnr(x) X' 

h y 
r; 

(Hal 

*R~ TT 
N (HbV 

a. 

The 8'iUnea# K’j i» aacertamed approximately by a*sumin^tt*e »hear force 

0 to ix1 equivalent to a pressure uniformly dlitributed over the flange 

thi< ’sneti, at a section i. or responding n* the middle enrface of the < V linde t 

and the flange to extend only to this section. Then.from reference Î we have 

2a £ 
"IT 

(¿r- 
(I +V1 (¡T- 

(14» 

♦ 1 - V 

¡f A, , . ..n-nr the moment and shear force transmitted to the flange to be 

i-.j .. ...i i.i to a single moment applied at the section corresponding to the 
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rn i dd'i <■ surface of the cylinder and th<* Hangers extend only to t*ma surface, 

then elementary plate theory yield« 

...hieb is identical with that obtained from tefercnc« 4. If teat data Cf more 

acc irate theoretical value* oí the deflections, rotations, and *ttffne«ses are 

h„o*i., these may, of ceurso, bo use«î in place ol tl»o opproiííinauons given 

Above . 
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IV, ILLUSTRA FIVE EXAMPLE 

Let us consider a Panged cylinder with the foilowing dimensions and other 

pertinent properties; 

E - 2.094 in. 

t -■ 1. 188 in. 

h = 2. Î06 in. 

d - 5. 560 in. 

2a = ¿.250 ui. 

E s 30 X 106 psi 

V» - 0. 3 

j- - 60,000 psi. • 

We have 

O s 4. 61 X !06 lb-in. 

D_ « 11,42 X 106 lb/in. 
Q 

N * 32,226 lb/in. 

tji * 0,287 

il a 0.00282 

- 44« *-1.067 0 

X, + X- « 1.166 
I ^ 

Ô a 5.042 X 10 3 in. 
c 

6d 3 3.2< 1 X 10 ' in. 
K 

7 404 X 10'3 

= 5-914 x 10"^ 

It, * 19.77 x 10* psi 
1 

Kz' 3 ITj = 8.34 x 106 lb 

and with these quantities, from Eqs. t8e) and {9) 

M ! = -18.64 x 10^ lb in./in. 
x 

1X30 



lu, 

ÍA. 
• - .-jN 12. 

263 

: tff.-stiri« to note that if »hr ,,- defon.étions had h.-cn »■.»•ylvcUMl. 

tiu . 

♦r ' ♦r biûùx 10 1 

*.■ l r jm Ei). ( 1 1 ), 

M j - -17.17 X 10 ^ lb-in./in. 
* x-o 

Mhtrh is lesa thaathe moment obtained by including »hear deformations. If 

shnar hfformattons in the flange had been neglected, we would have 

M I =-1S.33 X 10* lb-in./in. 
x!x=o 

W.» tan then < onclude that the increase in monier -. predicted by the inclusion 

of shear deformations is due to a weakening o' the flange with respect to the 

c ylinder, with the result that a larger pror >rtion of the bolt moment is 

transmitted to the cylinder. 

For a cylinder rigidly supporte'} against rotation and döHection, that is 

8Ra*R*aV° 

Kj • Kj ■ Kj = ir2‘ » ICj1 « co 

Wi* ha *C 

ht 
X 

x=o 

i 20.0b X 10^ Ib-m. /in. 

30.8 j X 10 * lb-in. /in. 

with shear deformations 

with Dq - CD , 

th is indicating that for some cases the effect of shear deformations tan be 

s i ■- n d a a nt . 
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APPENDIX À 

DETERMINATION OF THE FLANGE ROTATION 4>R AND DEFLECTION a9R' 

A a an approximation, we shall -on eider the flange to extend only to the 

nuddle surface of the cylinder and all reactions to be applied there. It seems 

unreasonable, in view of all of the approximations of the present analysts, to 

attempt to consider a more complex loading arrangement. For the determination 

of the rotation *R and the deflection 4>R'a, we thus have a circular plate of 

outer radius d loaded by a uniform line load ¿long the radius r = R + h and 

reacted at the inner radius R. The following equations, neglecting the effect of 

the internal pressure p and shear force Ql on bending, must then be 
ix=o 

satisfied [references 1, 5): 

(Ala) 

and 

whe re 

i - l, R + 2 ■*= r R + h* 

i s 2, R + h < r ^ d; 

dw 

*1 ^ 
1 

TIT 

Q N — 
rl 

Q = 0 
r , 

S' r. 

‘‘■■BqTJ 

♦‘"Ir fv-rcM 
R./_ 

(Albi 

(Ale) 

(A Jal 

i AJI) ) 



iciíiAl) rr.ay be combined to yield 

r f a 1 d 
7 37 r K 

and solved to obtain 

r . « R . N R ' T •y ( rA 
♦isAi ir * bit + n^r ln W 

1 lie 

a r n R 
♦2 = A2 IT ®2 *7 

boundarv conditions to be satisfied ate 

M = 0 
rl 

♦l = A • M,. 5 Mr, 

M = 0 
r2 

at r * R 

at r = R + h 

at r a d 

Then 

(1*V)A — (1— V)B, t yjy~ - (1 - V) -jV- “ 0 
1 . Q 

‘1 -A2 + 
B1 ~ B2 . NR¿ 

i -2iy- 

(1 *£) 

(i t vHAj - A¿)-- 

In' 1 + ir> r 0 

(I-.HBj-B,) ^ NR2 ^ 

TK M3 
j^.>. <r 

vT_±- + + ^ ir'] 

-(1 _v) N 

5qr 

= n 

i i 

( Al) 

(A4a) 

( A4b) 

(A5) 

(A6a) 

(A6b) 

( A6c ! 

v) A , - ( 1 - w) 
( Ahd) 
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whví h may h>- solved for Aj and Bj to yield 

R - NR 1 
B‘ ^ 'T7 - 1 

- K) 
/ dN*-! ,, h . 
(it IT1 

A. = 

VVc now have 

R 

4 D fd\Z T, 1<! + V 1 - w *1 

r^Fíf'Wj) 
N A NR2! j— r„., d -V) B. t 

{A7a) 

(A7i-¡ 

+B1> 
j~~ -Bj +(1-v) 

N 
¿75: 

N R 
4D 

NR 

V7 
r 

i 

2Dq 
+ — 

R D„ 

IT -1 L 

ffl2 h 
XÎLJ. 

TTT" 'R''2 + ÏÏ"' + I- V ln(i + tt) 

'dy h. h, 
tt) w{¿ w] 

1- 
1 

(A6) 

The inst part of Eq. (A8) ia identical with that given in reference 4 , except 

that P'>> ««cm s ratio v equal to 1/4 nas been uaed m referem e 4 , The 

sei ond part oí Eq. (A8), the terms multiplied by -g— , is the rotation due to 

shear deformations. The deflection <>R' a i« given, v.M'.hin the Iramework of 

plate theory in which straight lines normal to the middie surface of the 

undeformed plate remain straight, by 

f N A ♦R'*=k-rr-r (A9) 



GM - I t< Z83 
Pa! ' 

2a-H-- X 

Figure Cru«* Section of Flanged Pipe Showing 
Load« and Pertinent Dimension« 
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-A- -A 

^TTTT 

Tll TTÏT 

Original location of points A, B 

(a) Deforniations doe to internal preaaure 

Originai location oí points A, B 

(b) Deformations due to bolt moment 

(c) Deformations due to bending moment and sheer force 

Figure 2. Deformations of Cylinder and ¡Flange 
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